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In small reciprocating compressors for household applications the compressor shaft is placed vertically and 
supports a dynamic load associated to the transversal piston movement. Usually, for design purposes, the bearings 
are treated separately which precludes a precise description of the shaft orbit. In the present investigation both the 
main and the secondary journal bearings are modeled coupled and simultaneously, allowing for shaft misalignment 
within the bearings. A new computational methodology is introduced and tested to determine the pressure 
distribution in both bearings via a direct procedure. Solid contact and wearing are both allowed to occur causing a 
significant impact on the frictional power and a minor effect on the shaft orbit.  
 
INTRODUCTION 
Classical references in the literature related to bearing under dynamic loading are Campbell et al. (1967), that 
presented an extended review of early works on this subject, with theoretical and experimental results, and Jones 
(1982) that introduced a methodology for dynamic loading including oil holes and grooves as well as starvation 
effects.  Most available works explore formulations and results for just one bearing, with the shaft perfectly 
aligned with the bearing axis.  Effects of shaft misalignment on bearings operating under static loading were 
investigated by Pinkus and Bupara (1979), and Vijayaraghavan et al. (1990). 
The present work deals with two bearings working coupled under a dynamic loading, for a small 
reciprocating hermetic compressor employed for household applications.  The formulation includes shaft 
misalignment during the load cycle.  Solid contact is allowed to occur and is modeled using the classic Coulomb 
law, where the friction force is related to the normal force through a friction coefficient.  Recently, Zhou and 
Rogers (1997) used this same classic relation in a work on the effects of the squeeze film and the solid contact 
between a tube and its holder in a heat exchanger.  Similarly, Sun and Jing Xu (1995) employed Coulomb law in 
the analysis of a bearing starting characteristics considering the solid friction, without including lubrication. 
Despite of the high effort to fully understand the radial bearings behavior under every circumstances, only in 
recent works wear effects have been considered.  Del Din and Kassfeldt (1999) presented friction and wear results 
for radial bearings.  Their experiments investigated the influence of oil type, oil contamination, temperature, and 
shaft rotation on the friction values and bearings wear index.  Regarding modeling, a literature survey indicated no 
previous work related to contact and wear prediction for radial bearing operating under dynamic loading, and in 
this regard the present paper aims to contribute towards a comprehensive approach for bearing system simulation. 
CASE STUDY DESCRIPTION 
To explore the problem geometry to be considered here figure 1 was prepared.  According to the figure, the 
shaft stands vertically with the main bearing (1st bearing) on the top and the secondary bearing (2nd bearing) on the 
bottom.  This geometry reproduces the situation encountered in small hermetic compressors where the electric 
motor is placed on the lower part of the shaft and drives the piston on its upper end.  The piston moves 
horizontally in a reciprocating motion imposing an alternating load on the shaft.  In turn, the shaft describes a 



















 (a) bearing system (b) contact forces 
Figure 1:  Problem Geometry. 
The shaft trajectory is governed by the forces and moments acting on it, and is defined at each time step by 
the eccentricities e1x, e1y, e2x and e2y according to figure 1a.  Neglecting the shaft inertia, balances of forces, F, and 
moments, M, along x and y directions require that 
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where the index h represents the hydrodynamic action, and the indexes x and y represent the components in the x 
and y directions, respectively; W is the external load, and z is the axial position where the load is applied.  The 
hydrodynamic forces and moments, Fh and Mh, respectively, are obtained integrating the pressure field determined 
from the Reynolds equation.  The external load imposed on the shaft is known, as a function of the compression 
process and the inertia forces of the moving components. 
In the present work, the main objective is to obtain the shaft misalign trajectory defined by the extreme 
eccentricities, and to that extent use will be made of equations (1) and (2).  The pressure field along the oil film 
required in calculating the hydrodynamic forces and moments depends on the oil film thickness that is associated 
to the local eccentricities.  In presence of shaft misalignment and wear, the local oil film thickness, h, can be 
written as 
 ( ) meyx dhdhch ++−−= θεθε cossen1  (3) 
where ε=e/c, and c is the radial clearance between bearing and shaft; dhe and dhm depend on the bearing position 
and define the wear depth in that point on the shaft and on the journal bearing, respectively.  Considering that the 
midline of the shaft is straight, it is possible to write h as a linear function of the extreme eccentricities e1x, e1y, e2x 
and e2y. 
Employing the expressions for h and its derivatives, the Reynolds equation for the journal bearings under 
consideration can be written as 
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where ε&  is the time derivative of the eccentricities and F, G, H, I, f(ε) and g(ε) are known functions. 
The Reynolds equation together with the balances of forces and moments suffice to determine the shaft 
trajectory.  In presence of metallic contact between the parts, equations (1) and (2) need to be corrected to include 
the contact force.  The contact force is the sum of the normal and friction forces according to 
 xac NFF xx +=  yac NFF yy +=  (5) 
where Fc is the contact force, Fa is the friction force, and N is the normal force acting on the surfaces. 
Referring to Fig. 1b, it is possible to write the contact force as 
 ccac NFF x θθ sencos −−=  ccac NFF y θθ cossen −+=  (6) 
where θc is the contact angular position.  Employing Coulomb law, that is, Fa=µf N, where µf is the friction 
coefficient, equation (6) results in 
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During the contact, the normal force is unknown and to closure the problem an additional equation is 
required.  The equation to be used prescribes a fixed value for the oil film thickness, such as h(θc,zc)=f(Rq), where 
zc is the contact axial position and Rq is the surfaces roughness.  Here, it will be considered that f(Rq) is a non-null 
constant independent of the applied load.  Prescription of a fixed oil film thickness during contact represents a 
simplified version of a more elaborate model where the normal contact force is related to the real contact area 
which, in turn, depend on the elastic and plastic deformations of the surface roughness (Rabinowicz, 1995). 
For computational purposes it is convenient to relate the restriction equation for the oil film thickness, 
h(θc,zc)=f(Rq), with the velocities of the bearings extremes (time derivative of the extreme eccentricities).  To that 
extent, first the local oil film thickness, h, is written as a linear function of the extreme eccentricities; next, a first 
order approximation is employed for the variation of the extreme eccentricities with time as 
 τεεε τττττ ∆+= ∆+∆+ &  (8) 
where ∆τ is the increment on the crankshaft angle.  From that, it is possible to rewrite the restriction equation, 
h(θc,zc)=f(Rq), as a function of the velocities on the bearing extremes, ε& , as 
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in which A, B, C, D e E are known coefficients at each time step.  In presence of solid contact, equation (9) is the 
required additional equation needed to calculate the contact normal force, N. 
Attention will now be turned to the determination of the worn volume.  The worn volume, Vd, due to the 
direct contact between the shaft and the journal bearings is calculated using the Archard law as presented by 
Rabinowicz (1995), 
 emd HkNRV /τ∆=  (10) 
where Hem is the hardness of the parts material, and k is a wear constant.  In the present formulation the worn 
volume is equally divided between shaft and journal bearing, considering that shaft and journal bearing surfaces 
have the same properties.  When contact is detected and the normal force is determined, Vd can be calculated.  The 
worn geometry is obtained interposing shaft and bearing so that the intercepted volume equals that calculated by 
Archard law, according to 
 ( )∫ =∆ dVdAdh  (11) 
where ∆dh is the depth that must be removed on the contact point vicinities, considering that half is taken from the 
shaft and half from the bearing. 
 
METHODOLOGY 
Integration of the Reynolds equation was performed using a finite volume methodology (Patankar, 1980, and 
Ferziger and Peric, 1996).  To this extent the computational domain is divided in small non-overlapping cartesian 
control volumes, and for each control volume an algebraic equation is obtained for the pressure at that control 
volume.  A typical equation relating pressure at the control volume with the neighboring pressures and the four 
extreme shaft velocities can be written as, 
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where AP e Anb are the finite volume method coefficients. 
For n control volumes on the computational grid, equation (12) represents a set of n algebraic equations.  
Those equations together with the force and moment equations form a linear system with n+4 equations, where 
the unknowns are the n pressures and the four extreme shaft velocities. 
In presence of solid contact it is necessary to include the contact forces on the balance equations for force 
and moment.  Because of the presence of the unknown normal force, the restriction condition for the oil film 
thickness, equation (9), has to be added to the linear system.  For solid contact on both bearings at the same time, 
two normal forces on the equilibrium equations and two oil film thickness restriction equations are required. 
To verify contact occurrence, at each time step the oil film thickness is compared to the value assigned by 
f(Rq).  If one or more thickness values is less than f(Rq), contact is assumed to occur at the point of the smallest oil 
film thickness.  Next, θc and ξc=z/R are determined and the contact forces and the oil film thickness restriction 
equation are both included on the linear system.  On the other hand, to verify the instant of the contact 
interruption, it is necessary to look for the normal force value: if it is negative, the hydrodynamic effects are able 
to sustain the load and contact no long occurs.  At that instant, the restriction equation for the oil film thickness 
and the contact force should be removed from the linear system. 
The linear system was solved by Gaussian elimination. The Gauss algorithm was optimized, since the system 
is sparse and its structure is well defined.  In this regard, some rules were applied to ensure that the elimination 
occurred only where it was necessary. 
Cavitation was treated using the Reynolds condition for the cavitation boundary. The linear system was 
solved throughout the entire clearance between bearings and shaft.  When the value of a calculated pressure was 
found to be less than the cavitation pressure, pressure was set equal to the cavitation pressure for its neighboring 
equations.  This procedure assured that the null pressure and the null pressure gradient boundary condition were 
respected at the cavitation region. 
Because the balances of forces and moments were computed simultaneously with the pressure field, very few 
iterations at each time interval were require for a converged solution.  In fact iterations were only required because 
the coefficients of the algebraic equations depend on the eccentricities and these non-linearities were updated at 
each iteration.  The procedure just described was performed at each time step until convergence was achieved.  
The shaft orbit can then be obtained including the occurrence of solid contact. 
In addition to the computational mesh needed for integration of the Reynolds equation, another mesh was 
employed to precisely determine the worn region.  To that extent, during contact the shaft is interposed against the 
bearing until the interposed depth integrated along the worn region yielded the worn volume obtained from 
Archard law.  It should be noted that the integrated volume depends on the interposition between shaft and 
bearing and can be related to the shaft eccentricity.  The interposition volume was obtained increasing the 
eccentricity until the worn volume was achieved; use was made of the bisection method to determine the 
eccentricity required to mach the worn volume. 
 
RESULTS AND DISCUSSION 
To validate the formulation and the computational code, several tests were performed including some 
comparisons with available results found in the literature.  In the paper of Campbell et al. (1967) experimental and 
numerical results were presented for the connecting rod big end of a Ruston and Hornsby 6 VEB-X Mk III Diesel 
engine.  The bearing load and dimensions were included in the referenced paper.  Figure 2 shows a comparison of 
the journal trajectory calculated by the present work and experimental and theoretical results presented by 
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Figure 2:  Results for big-end connecting rod bearing of Ruston and Hornsby Diesel engine 
To present some results where the solid contact occurs, use was made of a bearing system and a load cycle of 
a small reciprocating hermetic compressor.  The computations were performed for three values for the solid 
friction coefficient, 0 (zero), 0.1 and 0.4.  The input data used in the simulations are presented in the Table 1. 
Table 1. Entry data for the reciprocating compressor employed in the simulations. 
- Rotation,   N (clockwise) 3520 rev/min  - Gap between bearings,   g 32.3 mm 
- Angular velocity,   ω 368.6 rad/s  - Radial clearance,   c 10.0 µm 
- Bearings radius,   R 9.5 mm  - Solid contact factor,   f(Ra) 0.02c = 0.2µm 
- 1st bearing width,   W1 14.0 mm  - Viscosity,   µ 2.28 mPa⋅s 
- 2nd bearing width,   W2 7.5 mm  - Solid friction coefficients,   µf 0, 0.1, 0.4 
Values of mean friction power losses are presented in the Table 2 for different values of the solid friction 
coefficients. Although the presented formulation allows for solid contact also in the 2nd bearing, it did not occur 
for the cases investigated here.  The power losses values were divided by the maximum power loss value obtained 
for the 1st bearing with a solid friction coefficient equal to zero.  As observed in the table, the power loss is 
directly affected by the solid friction coefficient, showing the importance of using a good estimate for this 
coefficient to predict the total power loss in the bearing system. 
Table 2. Cycle-averaged friction power losses on the bearings. 
Solid Friction Coefficient   ! 0.0 0.1 0.4 
1st bearing 0.746 3.085 7.476 
2nd bearing 0.384 0.384 0.384 
Bearing system 1.130 3.469 7.860 
Despite the high range of friction coefficient considered, the lateral oil leakage from both bearings was 
practically unchanged due to the small trajectory distortion. 
Because of the presence of solid contact, wear is expected to occur.  Results for wear will now be explored 
for a friction coefficient of 0.1.  In what follows, the hardness of the shaft and bearings surfaces, Hem, was taken 
equal to 300 kg/mm2, and the wear constant, k, was made equal to 10-7.  To avoid the long computational times 
required to simulate the material removal from the shaft and bearing surfaces during wear, a special procedure 
was adopted.  First some initial cycles were performed without including wear until the periodic trajectory is 
established.  Next, the wear routine was switched on and off in alternating cycles.  During the cycle in which the 
wear routine was activated, material is removed changing the geometry, and, in turn, the shaft trajectory.  For the 
next cycle the wear routine was deactivated allowing for the stability and convergence of the trajectory. 
Another important aspect during the simulation of wear refers to the extrapolation of the worn volume.  In a 
real process the worn volume during a single cycle is extremely small and thousands of cycles are required to 
obtain a significant change in geometry due to wear.  To avoid performing the simulation during such a large 
number of cycles, which would be prohibitive, the worn volume determined during a single cycle was multiplied 
by a large factor extrapolating the results for several cycles.  In this regard it was admitted a linear behavior of 
wear with time. 
Results for the time evolution of the volume of worn material with time (from shaft and 1st bearing) are 
presented in figure 3.  The initial cycles required to stabilize the shaft trajectory are not shown in the figure and 
the dots correspond to the cycles were the wear routine was activated.  As previously discussed, the extrapolation 
factor employed in preparing figure 4 was 4000.  It is interesting to note that as time proceeds the amount of 
removed material is reduced indicating an accommodation of the geometry towards eliminating the solid contact. 
Figure 4 presents the bearing trajectory (represented by the extreme eccentricities on the external boundaries 
of the bearings) without considering wear (dashed line), and in presence of wearing and after geometry 
stabilization (solid line).  In the case without considering wear, contact occurred for the 1st bearing, and at the 
contact region the shaft rolled to the right side over the bearing surface, due to the instantaneous high friction, as 
expected, considering that the shaft is rotating clockwise. The external circumference indicated in the figure 
corresponds to the original bearing geometry, before material is removed.  The instantaneous friction power loss 
corresponding to the two trajectories of figure 4 are shown in figure 5.  As expected, at the location where solid 
contact occurs, there is an intense peak on the friction power loss.  For this value of friction factor the peak is of 
two orders of magnitude above the power loss without solid contact.  After geometry accommodation due to wear, 
the peak disappears and for the entire cycle the instantaneous friction power loss assume the same order of 
magnitude. 
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Figure 4:  Effect of wear on the shaft trajectory  
 
 (a) before the wearing process  (b) after the wearing process 
Figure 5:  Effect of wear on the instantaneous friction power loss on the 1st bearing  
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CONCLUSIONS  
In this work a direct dynamic model for the lubrication process of bearing systems including solid friction and 
wear has been presented.  The solution of this kind of problem using a direct algorithm seems to be the more 
convenient way to deal with the coupling between the Reynolds equation and the equations for the shaft 
dynamics.  Furthermore, the formulation and methodology adopted allowed for the inclusion of solid contact and 
wear.  Among other observations, it was shown that the shaft trajectory was just slightly influenced by large 
variations in the solid friction coefficient, suggesting that stability problems because of the solid contact against 
the bearing is unlikely to occur.  The lateral oil leakage from both bearings is virtually insensible to changes on 
the solid friction coefficient, explained by the low distortion of the shaft trajectory with this coefficient.  The solid 
friction coefficient has a great influence on the friction power loss.  Results for the instantaneous friction power 
loss in presence of solid contact and with friction coefficient of 0.1 showed peak values of two orders of 
magnitude greater than those encountered in non-contact situations. 
Also, in all simulations with solid contact, as time proceeded it was observed the asymptotic reduction of the 
wear process as result of the geometry accommodation, with eventual elimination of the solid contact. 
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